CHARACTERIZATION OF PRODUCTS OF THETA DIVISORS 

ZHI JIANG, MARTI LAHOZ, AND SOFIA TIRABASSI 



Abstract. We study products of irreducible theta divisors from two points of view. On the one 
hand, we characterize them as normal subvarieties of abelian varieties such that a desingularization 
has holomorphic Euler characteristic 1. On the other hand, we identify them up to birational 
equivalence among all varieties of maximal Albanese dimension. We also describe the structure of 
maximal Albanese dimension varieties X with holomorphic Euler characteristic 1 and irregularity 
2dimA - 1. 



Introduction 

Given an abelian variety A and an ample line bundle L on A, we say that (A, L) is a principally 
polarized abelian variety if L has only one section up to constants. The effective divisor associated 
to L and its translates are called theta divisors. 

Irreducible theta divisors of dimension 1 are smooth genus 2 curves. In dimension 2, they are 
birational to the symmetric product of a curve of genus 3. More precisely, if the genus 3 curve C 
is non-hyperelliptic they are isomorphic to C^ 2 \ while if the curve is hyperelliptic, they have an 
isolated singularity and is their natural desingularization. In higher dimensions, they may 
also be singular, but Ein-Lazarsfeld proved in [EL] that they are always normal and they have 
only rational singularities. Hence, given a theta divisor G C A, any desingularization X — > has 

x(X,u x ) = X(S, toe) = h°(A, A (Q)) = 1. 

Clearly, A is the Albanese variety of X, and the induced morphism X — > A is its Albanese 
morphism. Thus, desingularizations of theta divisors are maximal Albanese varieties, i.e., varieties 
X such that the Albanese morphism ax '■ X — > A is generically finite onto its image. 

The characterization up to birational equivalence of irreducible theta divisors among maximal 
Albanese varieties started with the work of Hacon [Ha] and it has been further refined in [HP1, 
LP, BLNP, Pa] (see Section 3.2 for more precise references). 

Naturally, if A is a desingularization of a product of irreducible theta divisors, then we 
also have x(X,ojx) = 1- Indeed, Beauville (in the appendix to [De]) characterized products of 
two curves of genus 2, as smooth projective surfaces of general type S with irregularity 4 and 
x(S,ojs) = 1- This characterization of products of curves of genus 2 (irreducible theta divisors 
of dimension 1) was extended to higher dimensional varieties of maximal Albanese dimension by 
Hacon-Pardini [HP3]. 



M. L. is supported by Fondation Mathematique Jacques Hadamard (FMJH) and partially by MTM2012-38122- 
C03-02. 

1 



2 



ZHI JIANG, MARTI LAHOZ, AND SOFIA TIRABASSI 



We are interested here in giving a more general characterization of products of irreducible 
theta divisors. First we identify them inside arbitrary abelian varieties as normal subvarieties such 
that a desingularization has holomorphic Euler characteristic 1. 

Theorem A. Let Y be a normal subvariety of an abelian variety A. Let X be a desingularization 
ofY. Then, Y is isomorphic to a product of theta divisors if, and only if, x(X,ujx) = 1- 

On the one hand, studying subvarieties of abelian varieties is more general than studying just 
the images of smooth projective varieties under the Albanese morphism. For example, a singular 
curve inside an abelian variety is never the image under an Albanese morphism. 

On the other hand, given a smooth projective variety, even if it is of maximal Albanese 
dimension, the Albanese morphism does not need to induce a birational map onto its image. 

Indeed, if we consider a subvariety Y of an abelian variety A such that Y is not of general 
type, then Y is fibred by tori (see [Ue, Thm. 10.9]). Hence, in this case, a desingularization A 
of Y will have %(A, cux) = 0. Nevertheless, there exist smooth projective varieties X of maximal 
Albanese dimension such that x{X,ojx) = and X is of general type. Clearly, in this case the 
Albanese morphism does not induce a birational map. The first example was constructed by Ein- 
Lazarsfeld [EL, Ex. 1.13] and Chen-Debarre-Jiang have studied in detail these varieties in [CD J]. 
In particular, it is shown in [CDJ] that the Ein-Lazarsfeld example is essentially the only one in 
dimension 3. 

In any case, if A" is a smooth projective variety of maximal Albanese variety with x(X, ux) = 1 
such that the Albanese image of X is of general type, then the Albanese morphism induces a 
birational equivalence (see Lemma 1.3). This allows us to characterize products of irreducible 
theta divisors up to birational equivalence by using a slightly less restrictive version of Theorem 
A (see Theorem 3.8). 

Theorem B. Let X be a smooth projective variety. Then X is birational to a product of irreducible 
theta divisors if and only if X satisfies the following conditions: 

(C.l) X is of maximal Albanese dimension; 



It is an open question to determine whether condition (C.4) is necessary or not (see Ques- 
tion 3.7). Indeed, Hacon-Pardini show in [HP3] that it is not necessary when the irregularity 
q(X) = 2 dim A. We also prove that this condition is not necessary when q(X) = 2 dim A — 1 (see 
Proposition 3.5). 

This is part of a more ambitious program: the classification of all smooth projective varieties 
of maximal Albanese dimension and x(A, wx) = 1- In [HP3], Hacon-Pardini show that in this 
case the irregularity q(X) = h°(X,Q x ) sits in the following range: 




(C.2) 
(C.3) 
(C.4) 




the Albanese image of X is of general type; 

the Albanese image of X is smooth in codimension 1. 



dim A < q(X) < 2 dim A, 
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and, when q(X) is maximal, i.e., q(X) = 2dimX, X is birational to a product of curves of genus 
2 (theta divisors of dimension 1). 

We give a complete classification of the submaximal irregularity case, i.e., q(X) = 2 dim X — 1 
(see Theorem 3.1). 

Theorem C. Let X be a smooth projective variety of maximal Albanese dimension. Assume that 
X(X,Ux) = 1 and q(X) = 2dimX — 1. Then X is birational to one of the following varieties: 

(i) a product of smooth curves of genus 2 with the 2-dimensional symmetric product of a curve 
of genus 3; 

(ii) (Ci x Z)/(t), where C\ is a bielliptic curve of genus 2, Z — > C\ x ■ ■ ■ X C n _i is an etale 
double cover of a product of smooth projective curves of genus 2, and r is an involution 
acting diagonally on C\ and Z via the involutions corresponding respectively to the double 
covers. 

This result generalizes to higher dimensions the classification of surfaces S of general type 
with p g (S) = q(S) = 1 established independently by Hacon-Pardini [HP2] and Pirola [Pi]. 

We note that when q{X) is minimal, i.e., q{X) = dimX, there does not exist such a nice 
classification even in dimension 2. Indeed, besides the natural example of the double cover of a 
principally polarized abelian variety (^4, 0) ramified along a smooth divisor in the linear system 
1 20 1, there are other more complicated surfaces satisfying the hypothesis (see [CH2] and [PePol, 
PePo2]). Hence, the general program and even the classification of the next step, i.e., q{X) = 
2d\m.X — 2, seems rather difficult. 

Notation. Throughout this paper we work over the complex numbers. More precisely, a variety 
or a subvariety is a separated scheme of finite type over C which is integral, i.e., irreducible and 
reduced, but not necessarily smooth. In particular, we will say that a variety X is a theta divisor, 
if it is an irreducible divisor that induces a principal polarization on an abelian variety. 

We denote by ax '■ X — > Ax the Albanese morphism of a smooth projective variety. We say 
that a variety is irregular if ax is non-trivial, i.e., q(X) := h°(X,£l x ) ^ 0. When ax is generically 
finite onto its image, we will say that X is of maximal Albanese dimension. Given an abelian 
variety A, we will call A its dual, usually interpreted as Pic A. For a morphism a : X — > A to 
an abelian variety and a coherent sheaf & on X, we denote by V l (^,a) the i-th cohomological 
support loci: 

V\&, a) := {P G A | H*(X, & <g> a*P) ^ 0}. 

When a = ax, we will often omit it from the notation, i.e., V l {^) := V t (^ r ,ax)- We also use 
Vq(^, a) to denote the components of V l (JP, a) passing through the identity element of A. 

This paper assumes some familiarity with irregular varieties and generic vanishing (see [Pa] 
for a nice survey). For example, we will often use that the irreducible components of V"(wjf,a) 
are abelian subvarieties of B C A translated by a torsion point P € A, so we will usually denote 
them by P + B (see [GL1, GL2, Si]). Moreover, if X is of maximal Albanese dimension, then 
codim^- V 1 (wj , a) > i for alH > (see [GL1]). We will also use the derivative complex introduced 
in [GL2], under the form used in [EL]. When ^ is a sheaf on an abelian variety A, we will say that 
is M-regular, if coding V^(^) > i for all i > (see [PaPol]). 
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For a smooth projective variety X, we denote by D b (X) the bounded derived category of 
coherent sheaves on X. We refer to [Hu] for basic notions on derived categories. 

Plan of the paper. The paper is organized as follows. Section 1 collects some basic facts about 
morphisms a : X — > A from a smooth projective variety X to an abelian variety A. In particular, 
we see what happens when a(X) is of general type and x(X,u>x) = 1 (Section 1.1). We also study 
fibrations where the general fiber is a theta divisor (Section 1.2). Some of these results might be 
well-known to the experts. 

Section 2 concerns the case of subvarieties of abelian varieties Y C A. We let X — > Y be a 
desingularization of Y. First we review a result of Pareschi (Section 2.1) that allows us to restrict 
to the case where V (wx, o) has positive dimension. In Section 2.2, we consider the case where Y 
has codimension 1 in A. Finally, in Section 2.3, we consider the general case where Y is smooth 
in codimension 1. The main result of this section is Theorem 2.8 and we deduce Theorem A from 
it. Theorem 2.8 is proven by induction on the number of irreducible components of V^(uix , &x )• 
Hence, the irreducible components of V 1 {ujx,o) and their relation with the irreducible components 
of V 1 (ujx, a) for i > 1, play a major role in Section 2. 

Section 3 concerns the case where X is a smooth projective variety of maximal Albanese di- 
mension with x(A, w x) = 1. In Section 3.1, we classify these varieties when they have submaximal 
irregularity. We use some Fourier-Mukai techniques to prove Proposition 3.2, which is the main 
technical tool to prove the main Theorem 3.1 of this section (which corresponds to Theorem C). 
In Section 3.2 we study a question of Pareschi (see Question 3.7) and we prove Theorem B (see 
Theorem 3.8) that can be deduced from Theorem 2.8. We also give an easier proof of Theorem 
B by using induction on the dimension of X, instead of induction on the number of irreducible 
components of V c }{uixi ax)- 

Acknowledgements. It is a pleasure to thank Miguel Angel Barja, Olivier Debarre, Christopher 
Hacon, Joan Carles Naranjo, Rita Pardini, and Gian Pietro Pirola for very useful conversations 
and comments. 

Special thanks are due to Giuseppe Pareschi who informed us that he has also proven Theorem 
B under the hypothesis that ax(X) is normal. We are very grateful to him for sending us a 
preliminary version of his paper. 

1. Preliminaries 

The following list of equivalences is certainly well-known to the experts. We state it for easy 
reference since it will be needed repeatedly hereafter. 

Lemma 1.1. Let a : X — > A be a generically finite morphism from X a smooth projective variety 
to Y := a(X) a subvariety of an abelian variety A. Then the following conditions are equivalent: 
(i) Y is not fibred by positive dimensional abelian varieties; 

(ii) Y is of general type; 

(Hi) a-fOJx is a M-regular sheaf; 

(iv) for any f : V — > X surjective morphism where V is smooth projective, any direct summand 
of a*R? f*u)v is M-regular for any j > 0; 
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Moreover, then the previous imply that x(X,U)x) > 0. 

Proof. The equivalence of (i) and (ii) is due to Ueno (see [Ue, Thm. 10.9] or [Mo, Thm. 3.7]). 
We now show that (i) is equivalent to (Hi). 

If (i) holds and a t wj is not M-regular, then there exists an irreducible component T of 
V l (a*ujx) of codimension i in A for some i > 1, by generic vanishing (e.g., [HP3, Thm. 2.2]). Then 
as in [EL, Proof of Thm. 3, p. 249] and using [GL2, §4], we get that Y is fibred by the fibres of the 
natural fibration A — > T, which is a contradiction (see also [EL, Rmk. 1.6]). 

Now assume that (Hi) holds. Let K be the maximal abelian subvariety of A such that 
K+Y = Y . Let j = dim A'. By [EL, Thm. 3], the image Z of the projection Y — > A/K is of general 
type and given any desingularization Z' of Z, we have x{Z\ ojz 1 ) > 0. Thus, Kollar's theorem [Ko2, 
Thm. 3.1] implies that the codimension- j abelian subvariety A/K C A is an irreducible component 
of V 3 {a*ujx)- Therefore, j = and Y is not fibred by positive dimensional abelian varieties. 

On the one hand, condition (iv) clearly implies (Hi). On the other hand, if a^R? f*uiy is not 
M-regular, then there exists an irreducible component T of V l (a*R? f^ojy) of codimension i in A 
for some i > 1, by [HP3, Thm. 2.2]. As before, the same argument as in [EL, Proof of Thm. 3, 
p. 249] using [GL2, §4], yields to Y being fibred by the fibres of the natural fibration A — > T, which 
is a contradiction. Since a direct summand of a M-regular sheaf is M-regular, we are done. 

In any case, since X is of maximal Albanese dimension, then x{X,ujx) > (see [GL1, Cor., 
p. 390]). Moreover, by [EL, Thm. 3], (i) implies x(X,u x ) > 0. □ 

Remark 1.2. In the notation of Lemma 1.1, if x(X, wj) > 0, then X is of general type. This is 
certainly not the converse to the last statement of Lemma 1.1, since X of general type does not 
imply that Y is of general type (see [EL, Ex. 1.13]). 

The fact that x(X,u>x) > implies that X is of general type follows from [Ca] or [CHI, 
Cor. 2.4] 1 . 

From now on, we will always have a:I->ia generically finite morphism from X a smooth 
projective variety to Y := a(X) a subvariety of an abelian variety A. For simplicity we will assume 
that Y is not contained in any abelian subvariety of A, i.e., Y generates A. We will view this 
setting from two different angles. 

(i) The first point of view considers Y given and let / : X — > Y be a desingularization. Thus, 
/ : X — > Y will always be a birational morphism, but a : X — > A is not necessarily the 
Albanese morphism of X. 

This will be treated in Section 2. 

(ii) The second point of view considers X a given maximal Albanese dimension variety and 
let a : X — > A be the Albanese morphism, i.e., ax '■ X — > Ax- In this case, / : X — > Y is 
not necessarily birational, since it may have degree greater than 1. 

This will be treated mainly in Section 3. 

Note that, in both cases X is of maximal Albanese dimension. Clearly, the study of the two 
problems is very interrelated. 

^There is a small misprint in the statement of this corollary and q{X) should be dim A. 



6 



ZHI JIANG, MARTI LAHOZ, AND SOFIA TIRABASSI 



Recall that by Lemma 1.1 and Remark 1.2, we have that x{X,ojx) = implies that Y is not 
of general type, i.e., Y is ruled by tori. So, from both perspectives, we will be mainly interested 
in the "next" case, i.e., when x(X, ux) = 1- 

1.1. The hypothesis x(X,ujx) = 1. Let a : X — > A be a generically finite morphism from X 
a smooth projective variety to Y := a(X) a subvariety of an abelian variety A. Before trying to 
study our problem from the two different perspectives, we give some general results. 

Lemma 1.3 ([Ti, Thm. 5.2.2]). Let a : X — » A be a generically finite morphism from X a smooth 
projective variety to Y := a(X) a subvariety of an abelian variety A. 

If Y is of general type and ujx) = 1, then a : X — s> A induces a birational equivalence 
between X and Y . 

Proof. We can consider a birational model of / : X — > Y such that X and Y are smooth and we 
denote by g : Y — > A the morphism that is birational onto its image. Then, since o is generically 
finite we have the following exact sequence of sheaves on A 

— > g*ojy — > a*uJx — > & — > 0. 

By [Ko2, Thm. 3.4], x(X,u x ) = x(^,a*wx) and x( y ,^y) = x(A#*wy). Moreover x(X,oj x ) > 
x(Y,ujy)- Indeed, x(X,wjf) = x(Y,^y) = 1, by hypothesis and Lemma 1.1. 

By Lemma 1.1, <7*wy and a*ujx are M-regular, so =2 is also. Since x(^4, =S) = 0, =2 = and 
a*ux has rank 1, so / is birational. □ 

Combining Lemma 1.1 with [HP3, Lem. 3.2], we have 

Lemma 1.4. Let a : X — > A be a generically finite morphism from X a smooth projective variety 
to Y := a(X) a subvariety of an abelian variety A. Suppose Y is of general type and x(X, u x ) = 1. 

If T is any irreducible component of V 1 (ujx,o,) o/codim^-T = i + 1, then T is an irreducible 
component of V 1 (uix , a) . 

Proof. By [HP3, Lem. 3.2], we know that T C V l (u; x ,a). Since a»wx is M-regular, T is an 
irreducible component of V l {a*ujx) = V 1 {(jJx,o)- □ 

1.2. Fibrations in theta divisors. Under the hypothesis x(X,ojx) = 1, the main aim will be 
to construct a fibration from Y to some other variety such that the fibres are theta divisors of a 
fixed abelian subvariety of A. Fibrations by theta divisors are very special. In particular, they 
are isotrivial, so very close to being a product. Indeed, the following proposition shows that they 
are products under some mild extra assumptions (compare with [Zh, Thm. 5.2]). The idea of the 
proof goes back [Se] and it was already used in [HP3, proof of Thm. 3.1]. 

Proposition 1.5. Let f : X — > Y be a fibration between smooth projective varieties of maximal 
Albanese dimension. Assume that a general fiber X y is birational to a theta divisor G and q(X) — 
q(Y) > dimX — dimY. Then X is birational to x Y. 

Proof. By hypothesis, A x —¥ ker(^x — >• Ay) is an isogeny onto its image. Hence, Ax y is fixed, 
which implies that / is isotrivial. 
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Note that, since has canonical singularities, the canonical model of X y is fixed and isomor- 
phic to 0. Thus, the fibers of the relative canonical model X' — > Y are isomorphic to in an open 
Zariski subset of Y. Since Aut(0) is finite, there exists a generically finite Galois cover Y — x Y 
with group G such that the main component of X' xy Y is birational to x Y. So we can consider 
the commutative diagram 



6x7 



/G 



r 



Y 



/G 



where G acts on9x7 diagonally and the horizontal morphisms are quotients by G. 
Now, we consider V := Q/G and the following commutative diagram 



> Ay 




where is birational to and after birational modifications and abusing notation, we will assume 
that all varieties are smooth projective. We want to prove that (p is birational. 

We denote by K the kernel of A x > -> Ay. Note that, h\X', ff x >) = (h 1 {Y , @ 9 )®h l (W, G W )) G ■ 
Hence, since q(X) — q(Y) > dimX — dimy, then Ay is isogenous to K. In particular, dim K = 
dim Ay = dim + 1. 

Since W is birational to a theta divisor 0, for any P £ Ay such that ip*t*P is not trivial, we 
have h°(W,u w ® f*t*P) = 1 and 



h i (W,u w ®(p*t*P) = 



for all i > 1. 



We note that 99 is a generically finite and surjective morphism. By Grauert-Riemenschneider 
vanishing, R % ip*uJw — for all i > and 

where ^ is a torsion-free sheaf. 

Since has only rational singularities by [EL, Thm. 1], dim V 1 (ojw , t o (p) =0, so we have 
also that dimV 1 (coy , t) = 0, using that R % ip*u)w = for all i > 0. Hence, t*ojy is M-regular and 
then V°{ojy,t) = Y\c Q (A x > / B 2 ). Thus, for any P G Vk q {A X '/B 2 ) such that <p*t*P is not trivial, 
we also have h°(V,u v <g) t*P) = 1. Then is also M-regular with dim V°(t*£) = 0, so UB = 
and </9 is birational. Therefore, (g, f) : X' — > V x Y is birational. □ 

Remark 1.6. The condition q(X) — q(Y) > dimX — dimy is necessary. 

Indeed, let C — > E be a bielliptic curve of genus 2. Consider C — > C an etale double cover 
and X = (C x C)/(r), where r is an involution acting diagonally on C and C via the involutions 
corresponding respectively to the double covers. 
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Then, X has a natural fibration X — >• C such that the general fiber is C. Note that q(X) = 3 
and q{C) = 2 and, indeed, X is not birational to a product of curves of genus 2. Varieties in 
Theorem C(ii) generalize this construction to higher dimensions. 



2. SUBVARIETIES OF ABELIAN VARIETIES WITH HOLOMORPHIC EULER CHARACTERISTIC 1 

Let Y C A be subvariety of an abelian variety A. Without loss of generality, we assume 
through all Section 2 that Y generates A as a group. We also assume that Y is reduced and 
irreducible but not necessarily smooth. We consider X — > Y C A a desingularization of Y. We 
want to study varieties Y such that x(^,wjc) = 1. 

2.1. Subvarieties with wj) = 1 and small V 1 (cjx, «)• We start by reformulating a theorem 
of Pareschi (see [Pa, Thm. 5.1]). 

Theorem 2.1. Lei X — > Y be a desingularization of a subvariety Y C A of an abelian variety and 
denote a : X — > Y ^4 i/ie induced morphism to A. Assume that x(X, wj) = 1. // Y 4 (wxj a) 
no components of codimension i + 1 /or all < i < dimX , then Y is birational to a theta divisor. 
Moreover, the induced morphism t : Ax —> A is an isogeny. 

Pareschi proved the above theorem using Fourier-Mukai techniques and homological algebra. 
We give an alternative proof, which is closer to the spirit of this paper. The ingredients of our 
proof are Lemma 1.4 and Hacon's characterization of theta divisors (see [Ha, Sect. 3]). 

Proof. Denote by n = dimY = dimX. 

We consider an irreducible component T of V l (ujx,a) = Ufe>i V k (ujx,o,)- Denote by j + 1 
the codimension of T in A. By Lemma 1.4, we know that T is an irreducible component of 
V J (u>x,cl). By assumption, j = n and T contains as an isolated point, since Y generates A, i.e., 
Pic A — > Pic X is an isogeny onto its image. We then conclude that dim A = j + l = n + l and 
V l {<jJx-,o) contains as an isolated point. 

Now we consider the derivative complex over F(H l (A, & a)) = IP n as in [EL, Proof of Thm. 3], 

H°(X,u) X ) ® 0p»(-ra) -»• ► H n (X,uj x ) ® ^ -> 0. 

Since is an isolated point in V l {u>x,o J ) and x(X, ojx) = 1, the above complex is exact and the 
kernel on the left is a line bundle ^pw(— t). By chasing through the cohomology of the above 
complex, we see easily t = n + 1 and h l (X,uix) = Thus, Hacon's criterion [Ha, Corollary 

3.4] implies that X is birational to a theta divisor. Hence, so is Y. Since q(X) = n + 1, it is clear 
that t : Ax — > A is an isogeny. □ 

Remark 2.2. Note that A does not need to be principally polarized. Indeed, given O C we 
can consider any isogeny Aq — >• A and let Y C A the image of 0. 

The previous theorem exhibit the importance of the codimension-(i+l) irreducible components 
of V l (ux, a). Thus, we place ourselves in the following setting fixing the notation. 
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Setting 2.3. Let a : X — >■ A be a generically finite morphism from X a smooth projective variety 
to Y := a(X) a subvariety of an abelian variety A. Suppose that there exists a codimension-(i + 1) 
irreducible component ofV l (iVx, a ) for some 1 < i < dimX — 1. 

We can describe this component as P + B, where B is an abelian subvariety of A and P is a 
torsion point (see [GL2, Thm. 0.1] and [Si, §4,5,6]j. 

Consider the composition of the a : X — > Y A and the quotient ttb '■ A — > B given by 
dualizing the inclusion B A. Then, denote by Yb '■= itb{Y) and let X — > Xb -? Yb be Stein 
factorization of X — > Yb- Denote by Xb a general fiber of the fibration f3 and denote byYb := f(Xb) 
and f b := f\ Xt> . 

Varieties and morphisms described above fit in the following commutative diagram: 
(2.1.1) X b Y b 

X 

13 

X B 

After birational modifications and abusing notation, we may assume that all varieties in the leftmost 
column are smooth and projective. 

We summarize some useful properties in the following lemma. 

Lemma 2.4 (Properties of Setting 2.3). With the same notations as in the previous setting. 

(i) The morphism fg is generically finite and the image Yb := f(Xb) is an irreducible com- 
ponent of the corresponding fiber ofY — > B . 
(ii) If f is birational and Y is of general type, then the morphism fb ■ Xb — > Yb is birational. 
Moreover, Yb is an irreducible ample divisor in a translate of the kernel of ttb- 

Proof. The first assertion is clear from the description. Since / is birational, fb is also birational. 
Since P + B is an irreducible component of V l (ux), by [GL2, Thm. 0.2], dimX — dimXe > i- 
Moreover, Y is not fibred by abelian subvarieties (see Lemma 1.1), so dimXe = dimX — i and Yj, 
is an ample divisor in a translate of the kernel of ttb- □ 




2.2. Divisors in abelian varieties. If we assume that Y is an ample divisor (in particular, 
conditions in Lemma 1.1 are satisfied), then we show that V l (ux, a) are "small" when Y is smooth 
in codimension 1. 

f 

Lemma 2.5. Let X — > Y be a desingularization of an ample divisor Y C A of an abelian variety 
and denote a : X — > Y A. If V l (ux,ci) has a component T = P + B of codimension i + 1 in A 
for some < i < dimX, then Y is not smooth in codimension 1. 

The proof is contained in the proof of [DH, Lem. 6]. For reader's convenience, we present it 

here. 
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Proof. By [EL, Prop. 3.1], there exists an adjoint ideal J?z C Ga, co-supported at the singular 
locus of Y, which sits in the following exact sequence 

-> G A ® &a(Y) -> fl*w x -> 0. 

Let p : ^4 — > B be the natural projection. We then have the long exact sequence 

R%P -> Wp*{S z ® £aP0) -> tfp*(a*u x ® P) A P i+1 p*P 

Since P+B C V^(u;xj a), the coherent sheaf R % p*{a*uj x®P) is non-trivial and y°(i? l p*(a*o;x® 
P)) = P. Moreover, Kollar's theorem [Ko2, Thm. 3.4] implies that R t p*(a*u)x ® P) is torsion-free 
on P. Since R %+l p*P is a flat line bundle on P, the boundary map (5 is not injective. Thus the 
support of R l p*{J? z ® <^a(T)) is P 2 . 

Now, we consider the short exact sequence 

-> J z ® ^A(y) -> ^A(y) -»• ^zQO -> 0. 
Since i?V*(^A(l r ) ® P) = 0, from the long exact sequence 

R l ~ l p*{G z {Y) ® P) -> PV*(^z ® ^(Y) ® P) -> PV*(^a(^) ® P) 

and the previous discussion, we get that the support of R % ~ p*(Gz(Y) ® P) is B. Thus, there 
exists an irreducible component Z' of Z such that p\z> ■ Z' —¥ B is surjective and a general fiber 
of p\z' is of dimension > i — 1. As a consequence, dimZ > dimP + i — 1 = dimX — 1. 

Since Z is contained in the singular locus of Y, we conclude that Y is not smooth in codi- 
mension 1. □ 

As we have seen, the hypothesis that Y is smooth in codimension 1 arises naturally when Y 
is a divisor and we want to control the size of V l (ux, a)- Moreover, as we will see in the following 
lemma, it implies that Ax — > A is a primitive morphism of abelian varieties. 

Lemma 2.6. Let X — >■ Y be a desingularization of a subvariety Y C A of an abelian variety and 
denote by a : X — > Y A the induced morphism to A. Assume that Y is a smooth in codimension 
1 ample divisor of A. Then, given P £ A, a*P = Gx implies P = Ga- 

Proof. We argue by contradiction. Suppose that there exists a non-trivial P £ A such that a*P = 
Gx- Then a : X — > A factors through a non-trivial etale cover ir : A — > A induced by P and / 
factors through X — > tt~ 1 (Y) — > Y. Since Y is smooth in codimension 1 and it is an ample divisor 
of Y, 7r~ 1 (y) is irreducible. This is a contradiction, since / is birational, but 7r _1 (Y) — >■ Y is 
not. □ 

The following corollary will be the "divisor case" in the next section and it will play the role 
of "building brick". It is obtained by combining Theorem 2.1 and Lemmas 2.5 and 2.6. 

Corollary 2.7. Let Y be a smooth in codimension 1 divisor of an abelian variety A. Let X be a 
desingularization ofY. Then, Y is a theta divisor of A if, and only if, ojx) = 1- 



Actually, we can show that R l p*(<fz <8> &a(Y)) is also a torsion-free sheaf on B. 
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Proof. Ein-Lazarsfeld prove in [EL, Thm. 1] that irreducible theta divisors are normal and have 
only rational singularities. Hence, if Y is isomorphic to a theta divisor, in particular, it is smooth 
in codimension 1. 

Now assume that x{X,u>x) — 1 an d note that X is of general type by Remark 1.2, and so is 
also Y. By Lemma 2.5, for all < i < dimX, V 1 (ujx, o) has no component of codimension i + 1. 
Therefore, Theorem 2.1 implies that Y is birational to a theta divisor O of Ax and t : Ax — > A is 
an isogeny. By Lemma 2.6, we have degt = 1. □ 



2.3. Subvarieties smooth in codimension 1. In this section, we identify products of theta 
divisors among all normal subvarieties of a given abelian variety (see Theorem A). We will deduce 
this characterization from the following theorem. 

Theorem 2.8. Let Y be a smooth in codimension 1 subvariety of an abelian variety A. Let X 
be a desingularization of Y . Then, Y is birational to a product of theta divisors if, and only if, 
x(X,cj x ) = l. 

The rest of this section is mainly devoted to the proof of this theorem. 

By Theorem 2.1, we can reduce our study to the case where there exists a codimension- {i + 1) 
irreducible component of V l (uox, a) for some 1 < i < dim AT — 1. That is, we can assume we are in 
Setting 2.3 and use the notation therein. 

The following technical lemma shows that, under these extra conditions, we can assume in 
Setting 2.3 that Xb and Yb are of general type and, in particular P = 0, i.e., the codimension- (i+1) 
irreducible component passes through zero. 

/ 

Lemma 2.9. Let A be an abelian variety. Let X — >• Y be a desingularization of a subvariety 
Y C A smooth in codimension 1 and denote by a : X — > Y A the induced morphism to A. 
Assume that x(X,uix) = 1- 

For any i > 0, all codimension-(i + 1) irreducible components ofV l (ujx,a) pass through zero. 
Moreover, using the notation in Setting 2.3, if B is an irreducible component of V 1 (ux,cl), then 
Xb and Yb are birational and of general type. 

Remark 2.10. Since V 1 (oox,a) is non-empty, we can suppose that there always exists P + B a 
codimension-(i + 1) irreducible component of V 1 (lox,ci) by Lemma 1.4. 

In particular, we prove that all irreducible components of V (ux,a) pass through zero and 
the corresponding Xb and Yb are of general type. 

Proof. Let P + B a codimension- (i + 1) irreducible component of V 1 (ojx, a). 

If i = dimX, then dimi? = and Y is an ample divisor of A. Then, we conclude by Lemma 
2.6. Hence, we assume now that i < dimX and we are in Setting 2.3 and we use the notation 
therein. 

Step 1. fs '■ Xb — > Yb is birational. 

Assume by contradiction that degfs > 1. Then, consider two distinct preimages 61,62 S 
and their corresponding fibres Xj,. = Recall that x(X, ojx) > implies that X is 

of general type (see 1.2), and so is Y. Then, by Lemma 2A(ii), X^. are mapped birationally to Y 
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via /. Since := f(Xb i ) are two different ample divisors in a translate of the kernel of ttb (see 
again Lemma 2.4), their intersection has codimension 1 in each divisor. This is in contradiction 
with Y being smooth in codimension 1. 

Step 2. P € B, so we may assume P = 0. 

By [HP 3, Thm. 2.2], R j (3*(ux <8> a*P) are GF-sheaves for all j > 0. Then by [Ko2, Thm. 
3.1], for Pb € B general h i (X,uj x ® a*P ® a*P B ) = h°(Y,R i (3*{uj x ® a*P) ® a£P B ). Since 
P + B C V i (uj x ,a), B*f*(ux ® a*P) ^ 0. This implies that (a*P)| X(j = 

Hence, if we consider a& : — > Yb •— > Kb, then a b *(P\ Kb ) = &x b - Since Yj, is smooth in 
codimension 1 and it is an ample divisor of Kb, then P\ K = ffjc h by Lemma 2.6. Since we have 
the exact sequence of abelian varieties 

0^B->A->K->0, 

P\ Kb = &K h implies that P € B. 

Step 3. Xb and Yb are of general type. 

By Step 1, we only need to prove that Xb is of general type. 

For P B € B \ \J. V l {W^oo x , a B ) + (e.g. [HP3, Thm. 2.2]), 

< h\X^ x <8 a*P B ) = h°(Y, tfp*u x ® c^Pb) 
= /i°(X B ,6j Xs ®a* B P B ) [Kol, Prop. 7.6]. 

By generic vanishing x(Xb, wx b ) = h {X B ,(jux B ®a,* B P B ) for a general Pb € P. Hence x(-X"b, wx b ) > 
and we conclude by Remark 1.2. □ 

We want to use the diagram (2.1.1) to prove Theorem 2.8 by reducing to the divisor case. In 
order to do that, we need to prove that the fiber Yb satisfy the conditions of Corollary 2.7. Before, 
we need to study the base Yb and show, in particular, that x{X B ,ux B ) = 1- 

Proposition 2.11. Let X — > Y be a desingularization of a subvariety Y C A of an abelian variety 
and denote by a : X — > Y A the induced morphism to A. Assume that x(X,uix) = 1 and P + B 
is an irreducible component of V 1 (oox,a) and let i + 1 be the codimension of B in A. 
Then, using notation as in Setting 2.3, we have 

x(X B ,&P*(wx®a*P)) = l and x(X B ,f3*(cj x ® a*P)) = i + 1. 

In particular, if P + B passes through 0, we may let P = 0, and then x(Xb,^x b ) = 1 and 
x{X b ,P*ojx) =i + l. 

Proof. We use the notation in Setting 2.3, in particular, we will mainly be using the following small 
part of diagram (2.1.1) 

X ► A 

P 

X B ► B. 

a B 

We first apply the argument that Hacon-Pardini use to prove [HP3, Lem. 3.2]. 
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We consider Q to be a general point of B and let W C H 1 (A, 0a) be a linear subspace of 
dimension i + 1 transversal to B at Q. Since P + B is an irreducible component of V l (ujx,a), 
by the same argument as in [EL, Proof of Thm. 3], the derivative complex is exact besides at 
the leftmost term. Hence, the derivative complex induces the following exact sequence of vector 
bundles on P* = F(W): 

(2.3.1) -> ff ¥ ( W ){-j) -> H°{X,u) X ® a*P®a*Q) ® ^ P(w) (-i) -> ► 

-> P^ -1 (X, wx <g>a*P®a*Q) (8) ^ , P(l y ) (-l) ->■ H^X^x ® a*P®a*Q) ® ff ¥{w) -> 0, 

for some j > i + 1. 

We note that since Q G B is general, we have the natural isomorphism H k {X,ujx ® o*P ® 
a*Q) = H° (X B , R h (3*(ujx *S> a* P) ® a* B Q) for any A; > 0. Hence, the exact sequence (2.3.1) becomes 

(2.3.2) ^ P(w) (-i) ^ff (I B ,ft(wi®^)®«BQ)®V)H) -> ► 

-> ^(wx (2) a*P) ® a^Q) ® 0p (W r)(-l) 

-> i?°(X B , R^^tox ® a*P) «) a^Q) ® ^ P(H/) -> 0. 

Chasing through the above diagram, we get 

fT(P(W0, ^ W (-j)) * TO^x ® a*P) ® ® i?°(P(W), VOV) ). 

Hence 

(2.3.3) x(X B , P'/^x ® a*P)) = h°(X B , &p*(u x ® a*P) ® a B Q) = T T 1 
If we now tensor (2.3.2) by &v(y/){~ 1)> chasing through the diagram we get 
fP(P(W0, ^ P{W /)(-j - 1)) = P°(X B ,/3*(u; x ® a*P) ® a B Q) ® ^(P(VF), /?" P(w) (-i - 1)). 

Hence 

(2.3.4) h (X,ux ® a*P ® a*Q) = h°(X B , I3*(u x ® a*P) ® a* B Q) = ft 

Combining (2.3.3) and (2.3.4), we get 

h°(X, P*(u x ®a*P)®a* B Q) 3 
h o (X B ,I#0*(wx ® a*P) ® a|jQ) ~ j - i 

and the equality holds only if j = i + 1. 



< t + 1, 



Let c? > 1 be the order of P and G the group generated by P. We then consider the etale 
cover A' — > j4 induced by P and the corresponding base change diagram 

X ► A 

X' ► A'. 

r 
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Combining this diagram with (2.1.1) we obtain, 

X 

X' 






where X' A X' B A X B is a birational modification of the Stein factorization of X' — > Xb such 
that X' B is smooth. As in [JLT, Proof of Lem. 3.3], we can arrange the modifications such that 
v : X' B — > Xb is still a generically finite G-cover and (3' : X — > X' B is G-equivariant. 

Let V be the quotient dimension-(i + 1) vector space H°(A, FIa)/H°(B, Qb) and let 5? be the 
saturation of (3'*£lx' B ~~ ^ ^X' and =S be the quotient of Q X t '■ Then, we have on X' the following 
commutative diagram of coherent sheaves: 





f3'*H°(B, Q B ) ® & x < — ► H°(A, n A ) <g) Gx> — > V ® @x> — > 
I 

i I 

o ► y ► n x > > £ ► o. 

Considering i-th wedge of the right column, we have a morphism 

i 

f\ V &> O x > ->■ det £ ^ uj x > /x' B , 

and hence a morphism 

i 

(2.3.5) f\V®ff x , B ^^U3 X ,/ x , B . 

Recall that, Y\, is an irreducible ample divisor of Kt,, by Lemma 2A(ii). By [Mo, Corollary 
3.11], then the natural morphism (2.3.5) is injective. This gives us the following injective morphism 
between coherent sheaves on X' B , 

©(»+!) . of 

Since /3' is G-equivariant, the above morphism is also G-equivariant. Hence, if we push-forward to 
Xb and consider the direct summand corresponding to P, we have the following injective morphism 
of coherent sheaves on Xb, 

(2.3.6) tf^icjx ® a*P)® (m) /3*(w x ® a*P). 
Hence, for any Q € -B, we have 

h°{X B ,P*{u x ®a*P)®Q) > {i + l)h°{X B) R i l3*{ux®a*P)®Q). 



CHARACTERIZATION OF PRODUCTS OF THETA DIVISORS 



15 



Therefore, we have j = i + 1. So, from (2.3.3), we get x(X B , &P*(wx ® a*P)) = ft* -1 ) = 1 
and, from (2.3.4), X {Xb,P*(u x <8 o*P)) = ft 1 ) = i + 1. 

When P = 0, we just note that a*P = G x and B*P*U) X = ^x B by [Kol, Prop. 7.6]. □ 

The following proposition studies the general fibre Y b . More concretely, we want to prove that 
x(X b ,uj Xb ) = 1 and q(X b ) =i + l. 

Proposition 2.12. Under the same assumptions as in Proposition 2.11 and using the notation of 
Setting 2.3, we consider in addition that Y B is of general type. 

Then a general fiber X b of f3 has x(X b , wjj = 1 and q(X b ) = i + 1. 

Proof. We use again the notation in Setting 2.3, in particular we recall diagram (2.1.1) 

x b >y b 

x 



X B 

a B 

First, we claim that the injective morphism (2.3.6) is generically an isomorphism. Otherwise, 
we have a short exact sequence of coherent sheaves: 

-> Bip^cjx ® a*Pf( i+ V _> (3,(u x <g> a*P) ->■ W ->■ 0, 

where rk#^ > 1. Then, we have a short exact sequence of non-trivial coherent sheaves on B, 

-4 a B *I?P*(u>x ® a*P) e(m) -4 a B *P*(wx ® a* P) -4 a s *^ -4 0. 

Since Yb is not fibred by abelian varieties, a B *f3*(uj x ® a*P) is M-regular on P (see Lemma 
1.1). Therefore, a B *W is a non-trivial M-regular sheaf on B. However, for Q £ B general, 
h°(X B , W <g> a|Q) = /i (X,/3*(w x ® a*P) ® a*Q) - (i + l)h°{X B ,&P*(u>x ® a*P) ® a B <3) = 0, 
which is a contradiction. 

Thus for a general fiber of /3, we have h°(X b ,oj Xb ) = rk /3* (wx ® a*P) = i + 1 and then, 
by [Mo, Corollary 3.11], x( x b,^x b ) = 1 and q(X b ) =i + l. □ 

Now we are ready to prove Theorem 2.8 by induction on the number of irreducible components 
of V^(uj x ,a x ). 

Proof of Theorem 2.8. Note that Y is of general type by Remark 1.2. When codim^ Y = 1, we 
are in the divisor case and we conclude by Corollary 2.7. In particular V l {ui x ,a) = {0}. 

So we may assume codim^ Y > 2. We consider the Albanese morphism of a x : X — > A x , and 
we denote by M = a x (X) and t : A x — > A the induced morphism between abelian varieties. Then 
we have the commutative diagram 



(2.3.7) 
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where a : X — >• Y A and ax : X — > M ^ Ax- Since / is birational, so g and ty are also 
birational and t is surjective. In particular t : A — > Ax is an isogeny onto its image 

By Lemma 1.4, any irreducible component of codimension- (i + 1) of V 1 (ux,a) (respectively 
of V 1 (u)x,ax)) is an irreducible component of V % (cox,a) (resp. V 1 (lox,clx))- Thus, all irre- 
ducible components of V l {uix,a) and V 1 {ujx, ax) are positive dimensional, since codim^ M > 
codini/i Y > 2. Hence, the conditions in Setting 2.3 are fulfilled and we use the notation therein. 

By Lemma 2.9 (see also Remark 2.10), each codimension- (i + 1) component B of V t (oJx, a ) 
passes through and Xb and Yb are of general type. 

We denote by V^{ux, ax) the union of irreducible components of V 1 {ujx, ax) passing through 
0. We denote by k the number of positive dimensional irreducible components of V f(wx, ax), 

V 1 (u x ,a x )= |J Bj, 

and codim^ Bj = ij + 1. 

We consider = t~ 1 (Bj). Then, codim^ .Bj < ij + 1. Moreover, since M is of general type, 

then Bj is an irreducible component of V %i (wj, ax) by Lemma 1.4. Thus, Bj C V l i(u)x,a). Since 
V is also of general type, then codim^£>j > i j + 1 by Lemma 1.1. Thus, 5j is a component of 
V lj (uox,a) of codimension + 1 in A. 

We first consider Setting 2.3 with respect to B\ and £?i, irreducible components of V 11 (u>x,ax) 
and V' ll (oJx,a) of codimension ii + 1 in and A. Using the perspective of (2.3.7) and (2.1.1), 
we have 

X bl ► Y bl 



x > 1 a 




where Xg is smooth projective and /3\ : X — > is a birational model of the Stein factorization 
of X — > M — > . Then /3i is also a model of the Stein factorization of X — > Y — > Yb x ■ Note 
that, since Y is smooth in codimension 1, by Lemma 2.9 we have that Yb 1 is of general type and 
fs 1 ■ X|j — > Yb 1 is a birational morphism. Thus, g\ : Xj^ — > is also a birational morphism. 

Since is of general type, we can apply Proposition 2.12 to X — > M — > M^. Hence, for 
a general point b± £ , and X bl the fiber of /?i over b±, we have xPQ>i , uJx bl ) = 1- 

Since / is birational, = /|x is a birational morphism onto the corresponding fiber Y bl 
of Y — >• Ybi- Moreover, since y is smooth in codimension 1, so is Y bl . Let .ffi be the kernel of 
A — > B\. Then, by Lemma 2. 4(a), Y bl is an irreducible smooth- in-codimension-1 ample divisor 
of a translate of K\. We conclude by Corollary 2.7 that Y bl is a theta divisor 0i of K\ C A. In 
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particular, is birational to ©i. By Proposition 1.5, we can assume that X = X^ x Xg . Thus, 
we have 

(2.3.8) A x = K 1 xAx s and M = 9ixM 1 , 

where we define Mi := Mx~ = «x- (Xg^). Hence, we also have that B\ = {0} x Ax~ and 
V*(u x ,ax) = ({0} x Ax Si ) U fa x V*(u XSi ,ax Si j). 

Therefore B2 = K\ x B 2 for some abelian subvariety B' 2 C V^ 1 (w^- , ) C Ax- ■ 

We now consider Setting 2.3 with respect to B2 and B2, irreducible components of codimension 
t2 + 1. Using the perspective of (2.3.7), (2.1.1), as before, and adding the decomposition (2.3.8), 
we have 

h 2 

Xb 2 ¥ Yb 2 




6l X Mn C 



^ B 2 = Kix B' 2 



where we have denoted by M 2 the image of the composition of morphism Mi —¥ Ax Bi B' 2 ■ Note 
that fs 2 and 52 are birational and Yb 2 is of general type by Lemma 2.9. 

Let K2 be the kernel of A — > B 2 . As before, Lemma 2.4, Proposition 2.12, and Corollary 
2.7 imply that a general fiber Xb 2 of /?2 is birational to a theta divisor 02 of K2 C A. Then, by 
Proposition 1.5, X^ x Xb 1 is birational to Xb 2 x . Moreover, the morphism 52 : -^b 2 ~ * ® 1 x -^2 
induces a birational equivalence between Xg and the product of X^ with another variety that 
we call X 2 - That is, X is birational to X^ x X;, 2 x X2 and we have 

A x = K x x K 2 x Ax 2 and M = @i x 2 x M 2 , 

where M2 = 0x2(^2)- Hence, we also have that B2 = K\ x {0} x Ax 2 and 

V^(u x ,a x ) = ({0} x 2 X )u(R 1 x {0} x 1 X2 ) U (k x x K 2 x T/ 1 (w l2 , a l2 ) 



Therefore, -B3 = Xi x i<2 x B' 3 for some abelian subvariety B' 3 C V^ 1 (wx 2 , ax 2 ) C ^x 2 - 

We can iterate this process using all -Bj for 1 < j < < k. For each fibration f3j : X — > Xg , we 
get a further decomposition of X. Finally, we conclude that X is birational to Xb 1 x . . . x Xb k x X&, 



j4x = K\ x . . . x Kk x Ax k and M = ©1 x . . . x 0fc x M&, 
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where M k = a Xk (X k ) 



Hence, we have that 

{0} x Ax Si ) U (k x x {0} x4)u (Ri x K 2 x {0} xl l3 )u 
U...u(^x-x K k -x x {0} x A Xk )u 

ufex-x K k x Vv{ux k ,ax k Y) ■ 

To conclude, we only need to show that M k is a point. Suppose by contradiction that dim M k > 
1. Then dimX^ = dimM^ > 1 and hence V 1 (u)x k ,ax k ) contains 0. Then, K\ x 
V 1 (co Xk , a Xk ) exhibits a new component of V c '(wx,ax), which is a contradiction. 

Hence, X is birational to a product of k theta divisors and Ax = K\ x • • • x K k . 

Once we have proven Theorem 2.8, we can deduce Theorem A from it. 



x K k x 



□ 



Proof of Theorem A. Only one direction needs to be proved. 

We fix a desingularization / : X —¥Y. Then by assumption, x(X, wj) = 1. As we already 
said, we assume that Y generates A. By Theorem 2.8, X is birational to a product of theta divisors 
and the induced morphism t : Ax — > A is surjective. 

The image ax(X) = Q\ x • • • x @ m is a product of theta divisors. We denote by Kj the 
Albanese variety A@ j of Qj. In order to show that the induced morphism r : ©i x • • • x Q m — > Y 
is an isomorphism, we just need to prove that t : Ax = K\ x • • • x K m — » A is an isomorphism. 
We will show that if t is not an isomorphism, Y can not be normal. 

First of all, we assume that t is an isogeny of degree d > 1. Then t~ l (Y) has d irreducible 
components, each of which is a translate of the product of theta divisors ©i x • • • x @ m in Ax- 
Theta divisors are ample divisors, so the d irreducible components meet. Thus, t~ 1 (Y) is connected 
but not irreducible, hence not normal. This gives a contradiction, since Y is normal and t is etale. 

Now we assume that dimkert > 0. The strategy is to prove that there always exist non- 
connected components of r to get a contradiction with Zariski's Main Theorem. 

Let K be the neutral component of keri. We denote by k = dimi^ and (fj : K — >• Kj the 
natural projection. By induction on the number of theta divisors, we can assume that ip~ ^ 
for all j. Let t\ : Ax — > A x /K be the quotient and Y the image ti(ax(X)). Then we have the 
following commutative diagram 



¥ Ki x 




Note that, since Y C A, we have k = dimK < m. 

For c = (ci, . . . , c m ) G ©i x • • • x m , we have r 1 _1 ri(c) = (K + c) n (©i x 

T{ l n(c) (^(©i - ci) n • • • n ^(e m - c m ). 

We observe the following: 



x m ). Thus, 
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1) U, H.f^/ ~Cj) = (@j - &j) = Kj, since dimKj > 1; 

2) Since r is birational, for c G 0i x ■ ■ ■ x Q m general, we have fljli V 9 / 1 !©? ~ c j) = {®k} 
the identity element of K. 

Thanks to the second observation, there exists 1 < t < m — 1 and dj £ Qj for 1 < j < t such that, 
dim ( fl*=i ( ^r 1 (®j ~~ = 1 and 

dim ( f]it{ ^(©i ~ di)) =0 for a general d t+ i € @ t +i- 

We first claim that Ht=i ~~ di) is connected. Otherwise, let v € Di=i V 9 i~ 1 (®* ~~ ^) 

a point not in the connected component containing 0a'- We then choose d'j € @j fl (9j — ¥>j(v)) 
for £ + 1 < j < m. Then 

t m t 

{o K ,v}c (n^r 1 (©i-^))n( f| (pj^Qj-fy) cn^ rl (©i-^)- 

i=l j=*+l i=l 

Thus, ( f|*=i ^ rl (@i - di)) n ( HjLt+i ^(©j - d'j)) is also not connected. We denote 

d! = (di, . . . , dt,d t+1 , . . . ,d' m ). 

Then T^ 1 r(d') is not connected. Since ti is an isogeny, is finite. Hence r 2 ~ 1 (r((i / )) is a set of 
finite points containing T\(d'). Thus, T~ 1 r(d') is also not connected. This contradicts Zariski's 
Main Theorem, since r is birational and Y is normal. 

We now consider PL=i < P7 1 {®i — di) with the reduced scheme structure and we denote it by 
C. Hence, C is a connected curve containing 0^- Then tpt+i(C) is a curve of Kt + \ containing the 
identity element of lft+i- We have the following Zariski open dense subset of @t+i'- 

U :={ue m | dim (C n ^(©t+i - u)) = 0} . 

Considering the following set 

V:= |J (6 t+ i - c) = 8 t+1 - {<p t+1 (C) \ {0 m }), 

we have 

yne m = (J (e m n (e m - c)) , 

cG(/3 t+ i(C) 

Since 0t+i is a theta divisor of K t +i, the induced morphism 

tf t+ i ^Pic°^ +1 

c ->.t*^K t+ i(e t+1 )® ^ t+1 (-e m ) 

is an isomorphism. Moreover, since Ot+i has rational singularities, Pic Kt+\ — >■ Pic Oj+i is an 
isomorphism. Thus, (Qt+i — c )le t+ i are pairwise different effective divisors of Ot+i for different 
c G ift+i (C) \ {Oj+i}. Therefore V fl 0t+i is a Zariski dense subset of Ot+i. 

Hence U n V is also a Zariski dense subset of &t+i- Given any dt+i £ U fl V C ©t+i, the set 

(e m -d m )n(^ +1 (C)) 
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is finite with at least 2 distinct points. Thus, 



t+i 

p| ^1(6,- - d 3 ) D (Wi(©*+i - dt+i) n C 
i=i 

is also a finite set containing at least 2 distinct points Ok and k. 

By observation 1), we can choose dj € @j for i + 1 < j < m such that k 6 (pj (Qj — dj) for 
any i + 1 < j < m. Let d = (d\, . . . , d m ) 6 9i x • • • x m . Then 

rfVi^) ^ ^(Gi - di) n • • • n ^ 1 (6 m - dm) 

is a finite set with at least two distinct points. In particular, T 1 ~ 1 T\(d) is not connected and hence 
T~ 1 r(d) is also not connected, which is a contradicts to Zariski's Main Theorem. □ 

As we have seen in the previous proof the difference between Theorem A and Theorem 2.8 is 
quite subtle. The following examples may help to distinguish the two situations. 

Example 2.13. . Let X be a desingularization of ©i x 02 C A\ x A2 = A. Then, the Albanese 
variety of X is A = A\ x Ai and the image ax{X) = Y is 0i x 02, which is normal. 

Now, let Pi £ Ai and P2 € A2, be two 2-torsion points. Consider t : Ay x A<i — > A' the 
isogeny induced by (Pi,/^) (just the quotient by the finite group generated by (Pi,P2)). Indeed, 
t : A\ x A2 — >■ A' is an etale, 2 to 1 covering. Let Y' C A' be t(@\ x 2 ). Note that Y' is smooth 
in codimension 1. But Y' is not normal, since = f@i x 2 ^ U + Pi) x (0 2 + P2)) is 

connected but not irreducible, hence not normal. 

Thus, Y' C A' exhibits a case Y' is birational to a product of theta divisors, but not isomor- 
phic. Moreover, A' is not necessarily isomorphic to the Albanese variety of its desingularization. 

Summing up, in the following diagram, the first row is a paradigmatic example of Theorem 
A, while the second row is a paradigmatic example of Theorem 2.8 when t is an isogeny: 



X 



11 X 



47 = 81x85 



bir 



-> A = A X 



2:1 



X — -4 Y' = t(6i x 2 ) c ± A'. 



Example 2.14. Let C->i?a bielliptic curve, such that g{C) = 2 and let K be the kernel of 
JC = A c ->• P. Then consider X = C x C x C and let 
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where t : Ax = JCxJCxJC — > A is the quotient by the diagonal of K, i.e., {(x, x, x) G Ax \ x £ if}. 
Note that t|y is a birational morphism and Y' is smooth in codimension 1, namely it is only singular 
along the image via t of {(c,c,c) £ X \ c £ C}. 

This example shows that in Theorem 2.8 t does not need to be an isogeny. 

3. Varieties of maximal Albanese dimension & holomorphic Euler characteristic 1 

In the previous section, we have considered generically finite morphisms a : X — > A from X, 
a smooth projective variety, to Y := a(X), a subvariety of an abelian variety A, from the point of 
view of Y, letting X be its desingularization. Now we will consider that X is given and a will be 
its Albanese morphism. 

In this section, X will be a smooth projective variety and we will consider ax '■ X — > Ax its 
Albanese morphism and Y = ax{X). 

If we consider ax '■ X —> Y := ax(X) Ax, we note that / : X — > Y is not necessarily 
birational, since Y might be not of general type, even if X is. For example, / is never birational 
when X is of general type and x(X, ujx) = 0. Smooth projective varieties of maximal Albanese 
dimension, general type and x(X,ujx) = exist in dimension greater than 2. The first somehow 
unexpected examples were constructed by Ein-Lazarsfeld and they are the desingularization of the 
quotient (C\ x Ci x C^)/{i\ x i% x i%) of the product of 3 bielliptic curves C% of genus 2 modulo 
the diagonal involution (see [EL, Ex. 1.13]). 

Chen-Debarre-Jiang have studied these varieties, i.e., smooth complex projective varieties X 
of maximal Albanese dimension and of general type satisfying x(A, ujx) = 0, in [CD J]. They show 
that in this case the Albanese variety of X needs to have at least three simple factors, justifying 
thus their existence only in dimension 3 or higher. Moreover, they show that in dimension three, 
up to abelian etale covers, the Ein-Lazarsfeld examples are the only ones. In [CD J], the authors 
speculate and give partial results to classify these varieties in any dimension, but assuming that 
the Albanese variety has only three simple factors. Without this last assumption, the problem 
seems to be rather open and even more difficult. 

If we assume now that our smooth projective variety of maximal Albanese dimension X has 
x(X,cox) > 0, then it is automatically of general type by Remark 1.2. Moreover, Hacon-Pardini 
show in [HP3] that if x(-X", ux) = 1, then 

dimX < q(X) < 2 dim X, 

and, when q(X) is maximal, i.e., q(X) = 2dimX, then Hacon-Pardini prove that X is birational 
to a product of curves of genus 2 (theta divisors of dimension 1). 

When q(X) is minimal, i.e., q(X) = dimX, there is not such a nice classification. A natural 
example in any dimension is the double cover of a principally polarized abelian variety (A, 0) 
ramified along a smooth divisor in the linear system |2G[. But there are other examples, and 
their classification seems quite difficult and it is far from being complete even in dimension 2. The 
first example was constructed by Chen-Hacon (see [CH2]) and more recent examples have been 
constructed by Penegini-Polizzi (see [PePol, PePo2]). 
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In the two difficult classification problems we have just mentioned, i.e., X of general type 
with x(X, ujx) = and X with x(X,ux) = 1 and q(X) = dimX, the knot comes from studying 
/ : X — » Y = ax(X) rather than just ax(X). When x(X,u)x) = 1) this difficulty spreads over all 
possible values of q(X), except for q(X) = 2dimX, where the result of Hacon-Pardini shows, in 
particular, that / is a birational morphism. 

In the following two sections, we will study how to extend the Theorem of Hacon-Pardini to 
lower values of q(X). So X will be always a smooth complex projective variety such that 

(C.l) X is of maximal Albanese dimension; 

(C.2) x(X,u x ) = l. 

First, we will give a complete classification of the submaximal case, i.e., varieties satisfying 
(C.l-2) and q(X) = 2 dim X — 1. In particular, we have two cases depending whether / is birational 
or it has degree 2. 

Second, we will study how to characterize birationally products of higher dimensional theta 
divisors. For this, we will need to impose the following extra conditions 

(C.3) ax(X) is of general type; 

(C.4) ax(X) is smooth in codimension 1. 

By Lemma 1.3, conditions (C.l-3) force / to be birational. It is an open problem to determine if 
condition (C.4) is necessary (see Question 3.7). 

3.1. Submaximal irregularity. The case when q(X) = 2dimX — 1, was already studied for 
surfaces, i.e., dimX = 2 and q(X) = p g (X) = 3, by Hacon-Pardini [HP2] and Pirola [Pi]. This 
section will be devoted to prove the following theorem, which can be seen as a generalization of 
both [HP 2, Pi] and [HP 3]. 

Theorem 3.1. Let X be a smooth projective variety of maximal Albanese dimension. Assume that 
x(X,ujx) = 1 and q(X) = 2dimX — 1. Then X is birational to one of the following varieties: 

(i) a product of smooth curves of genus 2 with the 2- dimensional symmetric product of a curve 
of genus 3 (i.e., X is a product of theta divisors); 

(ii) {C\ x Z)/(t), where C\ is a bielliptic curve of genus 2, Z — y C\ x • • • x C n ^\ is an etale 
double cover of a product of smooth projective curves of genus 2, and r is an involution 
acting diagonally on C\ and Z via the involutions corresponding respectively to the double 
covers. 

We need the following general proposition, which can be seen as a variant of the main Theorem 
in [HP3, Thm. 3.1], but it is also the main technical tool to prove Theorem 3.1. 

Proposition 3.2. Let f : V — > Z be a surjective morphism between smooth projective varieties, 
where Z is of maximal Albanese dimension. Let & be a direct summand of f*ojy, such that 
X(Z,&) = I- Then, 

q(Z) < 2dimZ. 

Moreover, if equality holds, then 
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(i) Z is birational to a product of smooth curves of genus 2; 

(ii) the Albanese morphism factors through az ■ Z A- C\ X • • • X C m Az, where m = dimZ 
and 

for some Q € Az- 

Proof. We argue by induction on dimZ. 

If dim Z = 1, then Z is a smooth projective curve of genus > 1. Since is a direct summand 
of f*0JV: we know that <8> w^ 1 is a nef vector bundle on Z (see for instance [VI, Cor. 3.6]). Prom 
x(Z, ^) = 1, we deduce by Riemann-Roch that g(Z) < 2 and, if g(Z) = 2, then & = ujz ® Q for 
some Q € Az- 

By induction, we may assume the proposition holds for dimZ < m — 1. 

Step 1. Suppose that az{Z) is fibred by positive dimensional abelian varieties. 

Then, let K be the maximal abelian subvariety of Az, such that az(Z) + K = az(Z). We 
consider the quotient Az — > Az/K and Z A Z' — > Az/K the Stein factorization of Z — > Az/K. 
After birational modifications and abusing notation, we have the following commutative diagram 
of smooth projective varieties 



K 

Z' —A Az/K, 

where Az> = Az/K and az 1 is indeed the Albanese morphism of Z' . 

Since Z is of maximal Albanese dimension, so is the general fiber of k. Hence, for Q € Az 
a general torsion point and i > 1, rk (/*u;y <8> Q) = 0, by generic vanishing on the fibres 
of k. By Kollar's Theorem [Kol, Thm. 2.1], the sheaves R l K*(f*ujv <8> Q) are torsion-free, hence 
zero for all i > 0. We denote by = Q). Since Wk*.{& <g> Q) = for all i > 1, then 

X (Z', ) = X (Z, ^®Q) = x(Z, ^) = I- 

Let V' be a connected component of the etale cover of V induced by f*Q. Let /' : V' — > Z' 
be the natural surjective morphism. Then, J^"' is clearly a direct summand of f'*ojyi. Hence by 
induction on the dimension of Z, we have q(Z') < 2 dim Z' and we get q{Z) < 2 dim Z — dim K < 
2dimZ. 

Step 2. Suppose that az(Z) is not fibred by positive dimensional abelian varieties. 
We consider the Fourier-Mukai functors 

R$^> : B b (A z ) -+ B h (A z ), R<M0 := Rp^>^(0 ® 5*), 
R*^ : D b (^) -> D b (^ z ), R*^(.) := Rp Az >^(-) ® ^), 

where ^ is the Poincare line bundle on Az x ^4^. 

Since az(Z) is not fibred by positive dimensional abelian varieties, by Lemma lA(iv), az*^ 
is M-regular. Then, by [PaPol, Thm 2.2 and Cor. 3.2], the following element in ~D b (Az), 

RA> := K^^(KJ^om Az {a z *^, Az ))[q(Z)] 
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is indeed a torsion-free coherent sheaf in cohomological degree and of rank x(Z, = 1. Hence, 
RA^ = M <g) J*V, where M is a line bundle on Az and JV is the ideal sheaf of W C Ax- 

If W = 0, i.e., RAj^ = M is a line bundle on Az, then R 1 f < ^(M) is supported on a translate 
of an abelian subvariety of Az- By Mukai's duality ([Mu, Thm. 2.2]), 

Rtf^(M) = (-l)^Rjrom Az (a z ^,^ Az ). 

Thus, az*^ is also supported on a translate of an abelian subvariety of Az- Since az*^ is 
supported on az(Z) and az(Z) is not fibred by positive dimensional abelian varieties by hypothesis, 
we get a contradiction. 

We can suppose then that W is not empty. That is, RAJ£" is not reflexive and, by [PaPol, 
Cor. 3.2], there exists j > such that V J (J^~) has a component P + B of codimension j + 1 in A^. 

As usual, we consider Z A Ze - > B, the Stein factorization of Z — >■ B. After birational mod- 
ifications and abusing notation, we have the following commutative diagram of smooth projective 
varieties 

Z > A z 

az R 

Z B ^+B, 

where az B '■ Zb — > B = Az B is indeed the Albanese morphism of Zb- 

Note that dim Zb = dimZ — j and q{Zs) = dimf? = q(Z) — j — 1. As before, for Q £ Az a 
general torsion point, we have x(Zb, /3*(<^ <8) Q)) = 1. Then, considering := ® Q), by 

induction on dimensions, we have q{Zs) < 2 dim Zb- Hence, <?(Z) < 2dimZ + 1 — j ' < 2dimZ. 

We have already proved that q(Z) < 2dimZ in any case, and now we want to study what 
happens when equality holds. 

Step 3. The variety Z when equality q(Z) = 2dimZ holds. 

We have seen that in Step 1, we always have an strict inequality. In Step 2, equality can hold 
only when j = 1 and by induction on dimensions, we may assume Zb is isomorphic to a product 
of smooth curves of genus 2 and J£q = (8> Q) = uz B <8> Qb for some Qb £ B. 

Since & is a direct summand of f*ojy, & <8> w^ 1 is weakly positive (see [V2, Thm. III]). 
Thus, <2> w^ 1 ® Q)\q is nef, where C is a general fiber of j3. Since rkj^Q = 1, we have 
X (C, <g) ojg 1 ®Q)\ C ) = 1, and we conclude that g(C) = 2 and rk^ = 1. Thus, by Proposition 
1.5, Z is birational to C x Zb and, hence, it is birational to a product of genus 2 curves. 

Step 4. The sheaf & when equality q(Z) = 2dimZ holds. 

Without loss of generality we may assume that Z = C\ X • • • x C m . Denote the natural 
projections by 

pi : Z -> C 2 x • • • x C m , 
P2 : — >■ C\ x C3 x • • • x C m , and 
pu : Z -> C 3 x • • • x C m . 
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Fix a general Q € Az and consider the natural sequence 

(3.1.1) ^p* l2 p 12 A&® Q) ->■ 4^®Q. 

Note that £>i2Pi2*(^ ® Q) nes naturally in the kernel of (p. 

By induction hypothesis and comparing the elements in Pic°(Cfc) on further push- forwards, 
we have 

Pu{& ®Q) = (uj C2 O Q 2 ) H ((oj Ca H • • • Mu Cm ) ® Q12) , 

p 2 *(^ <8> Q) = ® Ql) B ((wc 8 B ' ' ' B w Cra ) ® Q12) , and 

Pi2*(^ ® Q) = (w Cs B • • • M u c J Q12, 

for some Qi € Pic°(C/) and Q12 S Pi c °(Ilfc^i 2^*0 that depend on Q. Now, since ker</> has rank 
1, it is easy to see that the sequence (3.1.1) is exact. Moreover, if we choose Q appropriately, then 

-> Cl xC 2 -> © ->■ (wci ® <9i) B (w Ca ® Q 2 ) -4 ^ -> 

(£J Cl ®Qi)^C 2 

is exact, where x is a point in C\ x C2 that depends on Q\ and Q2- Thus, we have a non-trivial 
morphism 

(u Cl ® Ql) B (w Ca (8) Q 2 ) B ((w Ca K-^w c J® Q12) — ® Q. 
Both sheaves are torsion-free of rk = 1 and x = lj so they are isomorphic (e.g., [Pa, Lem. 1.12]). □ 

Our aim is to apply induction on the dimension to prove Theorem 3.1. By Theorem 2.1, we 
will be able to reduce to Setting 2.3. But now we are assuming that a : X — > A is the Albanese 
morphism and we get some extra properties. 

Lemma 3.3 (Extra properties of Setting 2.3). With the same notations as in Setting 2.3. Assume 
that a : X — >■ A is the Albanese morphism ax- 

If Y = ax{X) is of general type, then the morphism as '■ Xb Yb ^ B is the Albanese 
morphism ax B of Xb- Moreover, if q(X) > dimX + 2, then Yb is not an abelian subvariety. 

Proof. Note that both /3 and ttb are fibrations and Yf, is an ample divisor in a translate of the 
kernel of ttb- Hence, as is the Albanese morphism of Xb and Yb ^ B is the Albanese image of 
Xb- If q(X) > dim X + 2, then dimB > dim Y^ + 1, so Yb is not an abelian subvariety of B. □ 

If we are in the Setting 2.3, but Y is not necessarily smooth in codimension 1, we cannot use 
Lemma 2.9. Still, we get the following lemma, that shows the existence of at least one component 
of some V i (ljx) with the same properties as the ones in Lemma 2.9. 

Lemma 3.4. Let X is a smooth projective variety. Assume that X satisfies conditions (C.l-3) 
and q(X) > dimX + 2. Then there exists an irreducible component Bq ofV 1 {ujx) passing through 
0. 

Proof. We can suppose we are in Setting 2.3. 

By Lemma 3.3, we know that Yb is not an abelian variety, but still it may not be of general 
type, even if Y is (see Lemma 1.1). That is, it may happen that Yb is fibred by tori. Being a 
subvariety of an abelian variety, this is equivalent to the existence an abelian subvariety K of B 
such that Yb + K = Yb- Thus, to get a base of general type we need to go to a further quotient. 
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Let K be the maximal abelian subvariety of B such that Yb + K = Yb- Denote by i' = 
i + dim if and denote by B' the quotient B/K. 

Let ttb' ■ Ax B' be the natural projection. Then, denote by Yg/ := itb>(Y) and let 
X — > Xb> — r Yb> be Stein factorization of X — > Yb'. 

Varieties and morphisms described above are compatible with diagram (2.1.1) and they fit in 
the following extended commutative diagram: 



(3.1.2) 



X — - — ► yc ► A x 



f B 



"B 



X B — — >Y B ( > B 



X B < > Y B > C ► B' . 



After birational modifications and abusing notation, we assume that all varieties in the leftmost 
column are smooth. 

Note that, since ttb' and fi' are fibrations, as suggested by the notation in diagram (3.1.2), 
the Albanese morphism of Xb 1 is indeed Xb< —> Yb> B'. Then, Yb> = a x B ,(^B') has positive 
dimension dimX — i! > and, by the maximality of K, Yb> is of general type. In particular, we 
have B' C V°(ojx b ,)- Since 

wx = w x s /, we conclude that B' is an irreducible component 
of V 1 ' {u>x) of codimension i' + 1 in Ax- Since V 1 (ujx) D V 1 (u)x)i there exists an irreducible 
component of V 1 {ujx) containing B' . This component passes through and we denote it by 
Bo- □ 



Now, we have all the tools to attack Theorem 3.1. 

First, we add Condition (C.3), and we get that only case (i) is possible. 

Proposition 3.5. Let X be a smooth projective variety satisfying (C.l-3) and q(X) = 2dimX — 1. 
Then X is birational to a product of theta divisors. 

If X is a product of theta divisors and q(X) = 2dimX — 1, we clearly need to have dimX — 1 
theta divisors of dimension 1 (i.e., smooth curves of genus 2) and a theta divisor of dimension 2 
(i.e., the 2-dimensional symmetric product of a curve of genus 3). 

Proof of Proposition 3.5. The surface case was solved independently by Hacon-Pardini [HP2] and 
Pirola [Pi]. So, we may assume that n = d\mX > 3. By Theorem 2.1 and Lemma 3.4, we 
can assume that there exists B a non-trivial irreducible component of V 1 (uix) passing through 
0. Hence, we are in Setting 2.3 and we use the notation therein, in particular we recall diagram 
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(2.1.1) 






X B >Y B t >B. 

Now, as in the proof of Theorem 2.8, we would like to apply induction by using Proposition 
2.12. The main difficulty is that Yb may not be of general type. 

Consider Q € Ax a general point such that R l fi*{u)x ® Q) = for all i > and we denote 
& = fi*{u)x ® Q)- Since x(X,^x) = 1, then x{%i^) = 1- Denote by i + 1 = codim^ B, then 
dirnXs = n — i and q{Xs) = 2n — 2 — i. By Proposition 3.2 applied to (3 and J^", we have i < 2. 

If i = 2, then equality holds in Proposition 3.2 and is birational to a product of smooth 
projective curves of genus 2. Hence, we can indeed use Proposition 2.12 and we have x(Xb, wjcj = 1 
and q(Xb) = dirnXf, + 1. Hence, Ax b is isogenous to the kernel of ttb ■ Ax — > B and Y& = fb(Xb) 
is not fibred by positive dimensional abelian subvarieties. That is, Xb satisfies the hypothesis of 
the proposition in dimension 2. Hence by [HP2, Thm. 2.2] or [Pi, Thm. 1.1.1], Xb is birational to 
an irreducible theta divisor of a principally polarized abelian threefold. Thus, by Proposition 1.5, 
we have X is birational to Xb X Xb and we are done. 

If i = 1, we see that dim = n — 1 and q(Xs) = 2n — 3. 

If Yb is of general type, we can apply again Proposition 2.12 to show that the general fiber 
Xb of j3 is a genus 2 curve, hence we conclude by induction on dimensions and Proposition 1.5. 

If Yb is not of general type, then we need to go to a further quotient. Let K be the maximal 
abelian subvariety of B such that Yb + K = Yb- Denote by i' = i + dim if and denote by B' the 
quotient B/K. Let ttb 1 '■ Ax — > B' be the natural projection. Then, denote by Y#/ := 7r^/(Y) and 

0' fB' 

let X —?• Xb' —> Yb' be Stein factorization of X — s> Yb' ■ Varieties and morphisms described above 
are compatible with diagram (2.1.1) and fit in the following extended commutative diagram: 




0' X B 



After birational modifications and abusing notation, we assume that all varieties in the leftmost 
column are smooth. 

Note that, Yb> is of general type, so also Xb* is also of general type. 

Note that dimX^' = n — 1 — dim if and q{Z) = 2n — 3 — dim if. Consider Q € Ax a 
general point such that R % (3'^(ojx <8> Q) = for alii > and we denote = ^(wx <8> Q)- Since 
x(X,u x ) = l, then x (Xb', &') = !■ 
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By Proposition 3.2 applied to /?' and &\ we have dimi'T = 1 (i.e., i' = 2) and Xb> is birational 
to a product of n — 2 curves of genus 2. Without loss of generality, we can assume that Xb> is 
isomorphic to a product of n — 2 curves of genus 2. 

Let be a general fiber of /3'. By Proposition 3.2, we also get that has rank 1, so we have 
x(Sb' ,uJs bl ) = 1- Since S&' is of maximal Albanese dimension surface and as b ,(Sb') is of general 
type, then either Sy is birational to a symmetric product of curves of genus 3 (when q(Sy) = 3) 
or it is birational to a product of curves of genus 2 (when q(Sy) = 4). 

In the first case, we conclude by Proposition 1.5. In the last case, let Cy be the fiber of 
Xb — > Xb> corresponding to Sy. Note that Cy is of general type, since Xb is of general type. 
Then, the morphism Sy —¥ Cy needs to be the projection to either C\ or C<i- In any case, the 
general fiber of /3 is a curve C of genus 2. By Proposition 1.5, we have that X is birational to 
C x Xb and we conclude by induction on the dimension of X. □ 

Remark 3.6. Note that, a posteriori, we know that, in the previous proof, Xb and Yb are always 
birational, so Yb is of general type. In particular, the second case for i = 1 does not appear. 

Proof of Theorem 3.1. By Proposition 3.5, we just need to consider varieties not satisfying condi- 
tion (C.3), i.e., such that Y = ax(X) is fibred by positive dimensional abelian subvarieties (see 
Lemma 1.1). 

Consider K to be the largest abelian subvariety of Ax such that Y + K = Y and consider 
the quotient Ax — > Ax/K. Let X A Z — > Y/K be the Stein factorization of Z — >• Y/K. After 
birational modifications and abusing notation, we have the following commutative diagram of 
smooth projective varieties 

(3.1.3) X ► y a x 

K 

z — > Y / RC * Ax / K = Az > 

where both Z and Y/K are of general type. 

Note that dimZ = n — dim.fr and q(Z) = 2n — 1 — dimK. Consider Q S Ax a general point 
such that R 1 k*(ujx ® Q) = for alH > and we denote & = k*{ojx ® Q)- Since x(X, ojx) = 1, 
then x( z > = 1- 

By Proposition 3.2 applied to k and J^, we have dimA' = 1 and Z is birational to a product 
of n — 1 curves of genus 2. Without loss of generality, we can assume that Z is isomorphic to a 
product of n — 1 curves of genus 2. 

The natural morphism t : X — > Z xa z Ax is a generically finite and surjective morphism. 
Thus, U lox — ^Zxa 7 A x © =^ f° r soms torsion-free coherent sheaf =2 on .Z x^ z ^4x- We then have 
= © ^, for some torsion-free coherent sheaf . Note that 

X(Z, Sf ) = x(Z, k*wj) - x(^, wz) 
= X (A,^x) = 1. 
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By Proposition 3.2 applied to k and , the sheaf £f = ujz®Q for some Q € .A^- In particular, 
a general fiber of k is a curve C\ of genus 2. We also observe that Q is torsion line bundle by 
Simpson's theorem (see [Si]) and we denote by d the order of Q. 

Let tt : Z — > Z be the etale cover induced by the cyclic group generated by Q. We denote the 
Galois group by G = Z/dZ. We consider the base change of the commutative diagram (3.1.3): 



¥ A x 




Then 



> A x IK. 



q{X) = h n -\X,u~) = h n - 2 (Z,&K*u~) + h n ~ l (Z,K*u x ) 

= q(Z)+h n - 1 (Z,ir*K*u)z) 
d-l 



q{Z)+Y,h n - 1 {Z, k^x^Q 1 



i=0 
d-l 



q(Z) + £ h n ~ l (Z, (u z (ujz ® Q)) ® Q l ) 



i=0 

= q(Z) + 2. 

Since a general fiber of k is still the genus 2 curve C±, by Proposition 1.5, we conclude that X is 
birational to a product C\ x Z. Thus, there exists a faithful G-action on C\ and X is birational to 
the quotient by the diagonal action (C\ xZ)/G (see, e.g., [Be, Lem. VI. 10]). Since q(X) = q(Z) + l, 
we conclude that C\jG is an elliptic curve. Since g(C\) = 2 and G is cyclic, we have d = 2 and 
G = Z/2Z. □ 



3.2. Birational characterization of products of theta divisors. Although the next natural 
step might seem to try to classify varieties satisfying (C.l-2) and q(X) = 2dimX — 2, we note 
that this classification would include the classification of surfaces S with q(S) = p g (S) = 2, which 
is not complete. Indeed, we already mentioned in the introduction to Section 3 the examples of 
Chen-Hacon [CH2] and Penegini-Polizzi [PePol, PePo2], besides the natural double cover of a 
principally polarized abelian variety (A, 0) ramified along a smooth divisor in the linear system 
|29|. 

To avoid the previous examples, in particular, to avoid q(X) = dimX, we will assume that 
ax(X) is not fibred by positive dimensional abelian varieties, which by Lemma 1.1 is equivalent 
to the already mentioned condition (C.3): 

(C.3) ax (X) is of general type. 

Hence, we will study the following question due to Pareschi (see [Ti, Chapter 5]). 

Question 3.7 (Pareschi). Let X be a smooth projective variety. If X satisfies the 3 conditions 
(C.l-3), is X birational to a product of theta divisors? 
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If X is birational to a product of irreducible theta divisors, then X clearly satisfies all con- 
ditions (C.l-3). Hence, if the answer is positive this will provide a birational characterization of 
products of theta divisors. 

To our knowledge, until now, the evidences for a positive answer were: 

(i) the surface case dimX = 2, starting from the work of Beauville (in the appendix of [De]) 
and finishing with Hacon-Pardini [HP2] and Pirola [Pi]; 

(ii) the maximal irregularity case, i.e., when q(X) = 2dimX, by Hacon-Pardini [HP3]; 

(Hi) the characterization of theta divisors under some extra assumptions, which started with 
the work of Hacon [Ha, Sect. 3]. This initial characterization has been refined by Hacon- 
Pardini [HP1, Cor. 4.3], Lazarsfeld-Popa [LP, Prop. 3.8(h)], Barja-Lahoz-Naranjo-Pareschi 
[BLNP, Prop. 3.1], and Pareschi [Pa, Thm. 5.1]. 

In the previous sections, we have given some new evidences, namely 

(i) the submaximal irregularity case, i.e., when q(X) = 2dimX — 1 (see Proposition 3.5); 

(ii) a further characterization of theta divisors (see Corollary 2.7). 

In this section, we push forward the characterization of theta divisors of Corollary 2.7 to the 
case of arbitrary codimension of ax(X) inside Ax- That is, we consider the already mentioned 
condition (C.4): 

(C.4) ax(X) is smooth in codimension 1, 

and we prove the following birational characterization of products of theta divisors. 

Theorem 3.8. Let X be a smooth projective variety. Then X is birational to a product of theta 
divisors if, and only if, X satisfies the 4 conditions (C.l-4). 

We have already mentioned that Ein-Lazarsfeld prove in [EL] that an irreducible theta divisor 
is normal and has only rational singularities. Hence, if X is birational to a product of irreducible 
theta divisors, then ax{X) is a product of irreducible theta divisors, so it is normal and, in 
particular, smooth in codimension 1. 

Note that Theorem 3.8 is a direct corollary of Lemma 1.3 and Theorem 2.8. In any case, we 
give an easier proof by using induction on the dimension of X, instead of the induction on the 
number of components of V^ 1 (u)x ,ax)- 

Alternative proof of Theorem 3.8. By Theorem 2.1, we can suppose that the conditions in Setting 
2.3 are satisfied and use the notation therein. In particular, if T = P + B is an irreducible 
component of V 1 (ujx), then it is a codimension- + irreducible component of V l (ux) by Lemma 
1.4. 

When q(X) = dim X + 1, we conclude by Corollary 2.7, so we may assume q(X) > dimX + 2. 
In that case, by Lemma 2.9 (see also Remark 2.10), P = and both Xb and Yb are of general 
type. 

Then, by Proposition 2.12, we have q(Xb) = i + 1, so Ax b is isogenous to the kernel of 
ttb '■ Ax — > P>. By Lemma 2A(ii), fa is birational onto its image, and Yf, = fb(Xb) is not 
fibred by positive dimensional abelian subvarieties. Since by Proposition 2.12 we also have that 
x(Xt,,uJx b ) = L we conclude that X\, satisfies all conditions (C.l-3). Moreover, note that if 
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Y = a x{X) is smooth in codimension 1, then Y\, is also smooth in codimension 1. Thus, by 
Corollary 2.7, is birational to the theta divisor. 

By Proposition 1.5, we conclude that X is birational to X^ x Xb- Thus Xb also satisfies 
all conditions (C.l-3). Note that Yg is smooth in codimension 1 since, if not, then Y would not 
be either. Hence, Xb also satisfies (C.4). By induction on the dimension, Xb is birational to a 
product of theta divisors. Hence, so is X. □ 

We would like to finish with a simple example, whose image via the Albanese map has singu- 
larities in codimension 1. The basic idea of the construction is due to M.A. Barja. 

Example 3.9. Let A be an abelian fourfold. Consider Z C A a smooth subvariety of dimension 
2 and let e : V — > A be the blow-up of A along Z. Let E — > Z be the exceptional divisor and let 
F = P 1 be the preimage of a general point in Z. Now, consider M a (very) ample divisor on V 
such that M ■ F > 1 and a general section X in the linear system |M|. By Lefschetz Hyperplane 
Theorem, Ax = A. Hence, the ax is the restriction of e to X. 



Z<- ► A = A x 

Since X ■ F > 1 and F is contracted via e, ax{X) is singular along Z, so singular in codimension 
1. If we denote by D the divisor ax{X) C A, then \{ x ^x) < h°(A, D). 

Question. If h°(A,D) > 1, what is the minimal x(A, wj) we can obtain using the previous 
construction? 
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